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2where W , N , and M are external space-time dependent
source functions which, through adding total derivatives





















Throughout this paper, we will be working in at Eu-
clidean D-dimensional spacetime metric Æ

with all in-










= D; and Æ
ii
= n: (6)












if one form the tensor quantities






















for some arbitrary antisymmetric matrix 
ij
(x). Here,














; T ] ; (12)
where T represents any of the tensors Y and X, and
their covariant derivatives. The background-dependent
potential term X may be chosen so that it transforms
covariantly. The eld strength tensor Y

is dened in
terms of the background gauge connection N

(A) by (9).
The one-loop eective Lagrangian is calculated from the
coincidence limit of the two-point (Green) function asso-

















































The right-hand side is simply the second term in (2), after
making functional dierentiation. The Green function


















Provided one can nd some way of solving this non-
local equation, the one-loop correction to the eective











Various schemes have been devised to address this non-
local problem.[4, 5, 13, 14, 15, 16, 17, 18]
III. CLOSED FORM OF THE POINT-SPLIT
NONLOCAL CONNECTION
We now come to the main result of our paper. We shall
solve (15) in a similar scheme except that the background
gauge connection from its nite sum form is expressed in
the closed integral form.
Recently, it was shown[7] that the general form of the



























Y = 0. Here, (x) is some antisymmet-
































































if p  q:
We shall now show that in the completely non-local
limit n ! 1 of (16) may be expressed in a closed in-
tegral form appropriate for the `point-splitting proce-
dure needed in the calculation of the two point function
G(x; x
0
) in (15). Once this Green function is obtained
up to a certain order in derivatives, the 1-loop eective
Lagrangian L
(1)
can be determined from its coincidence
limit.





















we are brought to the so-called Fock-Schwinger gauge
(with respect to a xed point x') whose fundamental
property is given by
(x  x
0
) N (x) = 0: (19)
Dierentiating this with respect to x, we obtain
N









(x) = 0 (20)



























By assuming that the quantities D
p
Y (x) and @
p
Y (x)
are regular at x
0

































































































and applying the properties (19) and (20) of the Fock-
Schwinger gauge to the second and rst terms of the





















To obtain the desired closed integral form of N

, we
rescale the manifold through























It is implied that in the `point-splitting procedure, f(x)
is equivalent to f(x x
0
) for some arbitrary xed reference
point x
0
. The left-hand side of (29) can be written as a




















where the point x is `point-splitted rst into x x
0
before
applying partial dierentiation by chain rule to recover


































which already anticipates the point-splitting[1] proce-
dure to the spacetime points x and x
0
. This can be ex-
panded to any order since the Y

(x) can be expanded


























This is simply an innite series in powers of x   x
0
.
Thus, a rescaling of the manifold x! x will not aect

























where in the last step, we have used the Fock-Schwinger
property. Eqn (32) and (34) is an alternative expres-
sion for N

(x) in (16), which can be evaluated to any
desired order of the derivatives.Formally, this alterna-
tive nonlocal expression for N

(x) may be substituted
into the Green function equation (13) that satises
(14), in which (15) may then be solved using various
methods.[3, 4, 5, 13, 14, 15, 16, 17, 18] For instance, if
one sets the rst covariant derivatives of the eld strength






= 0 and D

X = 0 (35)
then, if one follows the momentum space techniques of







































tr ln sec(iY s) + (DX)(iY )
 3


















(p) =  1; (38)

















































The succeeding terms when q > 0 in (36) can be cal-
culated from the exact result (37). This then provides
the unrestricted Green function G that accommodates































































































(1 + r)(1 + q)


































the expansion (35) is assured to be convergent. The 1-
loop eective Lagrangian (36) is then calculated from the
coincidence limit of the 2-point function in coordinate
space. Corresponding to the leading term (q = 0) in (36)





















































represents the zero reference of the background po-
tential X. Note that the covariant derivatives of Y

is
absent from this result. The 1-loop eective Lagrangian
derived by Brown and Du[1] and the Lagrangian of
Schwinger[19] come as special cases of (43). Brown and
Du's result, for instance, does not involve DX while
that of Schwinger is good only for QED. Because of our
closed expression (32) to (34) for N

(x) the one-loop ef-
fective Lagrangian (43) can now be evaluated to any de-
sired order of the derivatives but the ensuing proper time
(s) and momentum (p) integrations are expected to be-
5come more and more tedious. Here we simply display
the one-loop correction to the eective action up to eight
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Our formulation is quite general in that it is done in ar-
bitrary number of covariant eld derivatives, in arbitrary
spacetime dimensions, and in arbitrary gauge, but still
conned to the one-loop approximation. We will general-
ize further, in a future paper, by extending this one-loop
eective Lagrangian calculation to arbitrary number of
loops.
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